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Abstract. Some combinatorial properties of the special factors of the Thue-Morse sequence in a 
two-letter alphabet are considered. An application of this analysis to a problem in semigroups i
given. 
1. Introduction 
In this paper we analyze some combinatorial properties of a well known infinite 
word in a two-letter alphabet which has been introduced by A. Thue [12,13] and, 
subsequently, rediscovered by several other authors (cf. [6,5]). This word t, usuall:r 
called the Thue-Morse sequence, shows many remarkable combinatorial properties. 
Among these we recall that t is overlap-jiee5 i.e. it does not have two overlapping 
occurrences of the same block of letters. Moreover by a simple coding one can 
construct an infinite word in a three-letter alphabet which does not have squares, 
i.e. two consecutive qual blocks of letters. The Thue-Morse sequence has many 
apr>lications in different fields such as semigroup and group theory, game theory, 
ergodic theory etc. For this reason many papers have been devoted to the study of 
its combinatorial properties (see for instance [S, 7, 10, 21). 
In our paper we are interested in the finite factors of t and mainly in the 
combinatorics of the so-called special factors. A factor w of is called special if 
both Epa wb are still factors. We show that for each sitive integer n the 
number of special factors of length n is either 2 or 4. reover we are able 
to compute Q(n) for each n and then construct he special factors themselves. 
recall that a similar analysis was performed by .l. J for tl~ ?- finite Fibon 
word. In this case for each length there exists only one special factor. 
e relevance of the nofion of special factor is due to the fact that for each 
umber F(n) of factors of t of length p1 can be expressed as 
1). In this way, by iteration, we obtain an explicit formula 
erties of special factors cC ,” I&fig 2 ~WIlZtIOil 
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prefix are proved. In particular we show that for each integer k> 1, the number of 
special factors of length s (k + l)n, having a common prefix of length n is less than 
or equal to 4k+ 1. Moreover we show that two special factors of different lengths 
having 2 common prefix have to be suitably “distant”. 
In the last section we give an application of our results to semigroups. We consider 
the Thue-Morse monoid which is defined as the Rees quotient of A* by the ideal 
of all the words which are not factors of t. We show that this monoid is finitely 
generated, periodic and weakly permutable. This result gives a solution to an 
interesting problem in semigroups. 
2. Preliminaries 
Let A* (resp. A+) be the free monoid (resp. the free semigroup) generated by a 
non-empty finite set A called alphabet. The elements of c;i are called letters and 
those of a * words. The identity element of A* denoted by 1, is also calleo empty 
wo&. For any word t) in A*, Iv1 denotes the length of v, namely the number of its 
letters. A word v is said to be a factor of w if w = xvy for some x, y in A*. If x = 1, 
then v is a pre& of w, if y = 1 then v is a sum of w. 
A word v contains a square if it admits a factor of the kind uu, where u is a 
nonempty word. A word v contains an overlap if it admits a factor like auauu, where 
a E A and u E A*. This is also equivalent o the property that in v there are two 
overlapping occurrences of a factor u # 1 (cf. [ 51). 
Evidently a square-free word is overlap-free too, whereas the converse is not 
generally true. 
If v is a word of A*, 6 denotes the mirror image of v; if v = u” then v is called a 
palindrome. Let A = {cz, b) be a binary alphabet. If v E A*, 0’ denotes the word 
obtained by interchanging a and b in v. 
An infinite word w over an alphabet A is a map w : N + A. One also uses the notation 
W =wow~w2*..w,..., 
where w(n) = w,, for all n B 0. If {w,} is any infinite sequence of words of A* such 
that w, is a proper prefix of w,+~ for each n 2 0, then it makes sense to consider 
the infinite word w = lin We (cf. [S]). 
If p : A* -, A* is a morphism such that ~(a) # 1, for a E A, and there exists a 
letter a E A such that ~(a) = au, where a E A, and v E A+, then $‘(a) is a proper 
prefix of $+‘(a). So one can define 
“(a)=lim#(a). 
One can pscily prove that 
3. 
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Thue-Morse word 
LetA={a,b}andp:A* + A* be the morphism defined by 
&)=a& c;c( 6) = ba. 
The infinite word of Thue-Morse, usually denoted by t, is defined by iterating p 
on the letter a, so that 
t =p”(a). 
One can also define the infinite word i by iterating p on b 
& #‘(b j_ 
We recall here the following properties, which we shall use in the sequel (cf. [SJ), 
of the morphism p and of the words t and E 
Property 3.1. For any word w E A* one has that 
(9 $43 =cc(w), 
(ii) *((w”)) =pT). 
Property 3.2. Let uQ = a, v. = b and for each n 2 0 set u,,+] = u,,v,,, v,,+, = v,u,,. ‘7;hen 
one has, for all n 3 0, 
0 i U, =$(a), vn =p”(b), 
(ii) Un =Cn, V,,=ii,, 
(iii) U2n = &, Vzn = i&“, iizn+, = VZ~+~. 
Property 3.3. The word t is overlap-free, and hence cube-free. 
Now we introduce the so-called special factors of the word of Thue-Morse. A 
finite factor f of t is called special if fa and Jb are still factors of t. In the following 
we denote by F(t) (resp. S(t)) the set of all factors (resp. special factors) of t of 
finite-length. If f E S(t) then every suffix off belongs to S(t) too. 
The relevance of special factors consists in this: once one is able to know their 
number for every length then one can also determine the number of the factors of 
t for any fixed length. The counting for each length n of special factors of t as well 
as the counting of the factors of t will be done in the next section. Here we limit 
ourselves to give some lemmas and propositions concerning the sets F(t) and S(t)* 
Lemma 3.4. F(t) = F( f). 
Proofa Let w E F(t). There exist a positive integer n and A, h’~ A* such that 
un =$(a) = hwh’. 
Now from Property 3.2 one has 
p”+‘(b) = vn+] = v,,u, = v,,hwh’. 
This implies that w E F( i). In a similar way one obtains the inverse inclusion. 0 
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Laniim 3.5. Ifs E S(t) then 5 E S(t). 
Proof. If s E S(t) then su, sb E F(t) and by Lemma 3.4, sb, Su E F(t), that is SE 
S(t). n 
Lemma 3.6. rf s E S(t) th 
Proof. If s E S(t) then SQ, sb E F(t). Therefore there exist A,, A2 E A* such that 
hIsa, A& are left factors of t. One has then 
dhsa) =p(Ah(s)ob E F(t), 
P&SW =p(hMs)ba E F(t). 
Hence 
Lemma 3.7. Let s E F(t); then 3~ F(t). 
Proof. Let k EN, yl, ‘y2 E A” such that 
pzk(a) = y1s’)c2. 
From Property 3.2 one has then 
p(a> = ~2@, =p2k(a). 
Hence &E F(t). III 
Lemma 3.8. Let u be a left factor oft; then u” is a special factor. 
roof. There exist y E A* and k 2 0 such that 
pzk+l(a) = uy. 
From Property 3.2 one has p2k+* (b) = $Z. By Lemma 3.6, since the letter b is a 
special factor, also P~~+‘( b) is a special factor, so that u’ is a special factor. Cl 
We deduce from the previous results the existence of at least two special factors 
for each length. In fact if u is the prefix of t having length n, then by Lemma 3.8, 
u’ is special and by Lemma 3.5, (G) is a special factor too. Moreover u” # (r?). 
The following Repositions 3.10 and 3.11 are important for the problems of 
counting and con~rructing for any length n the special factors oft. Indeed Proposition 
3.10 allows us to determine special fmnL- Ia~~~r~ of t of length 2n once the special factors 
of length n are known. roposition 3.11 allows us to determine for any odd integer 
n > 3, the special factors of length n once the special factors of length n + 1 are 
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known. We premise to these two propositions the following important technical 
Lemma3.9. LetX={ab,ba}, SEX” and 1~134. ForallA,h’EA* ifAsAkX* and 
Ih) is an odd integer then Ash’ has an overlap. 
Proof. Set w = Ash’, s = s1 t where Is,1 = 4 and t E X*. Since IAl is a odd integer we 
can write A = h,x, where Al E X*, JG E A and XSA’E X*. It is clear that sl cannot 
begin with the letter r, otherwise xsh’g X*. Let us then suppose that s1 begins with 
the letter y E A\(x). Since s1 E X* there are only two possibilities: sl = yxxy and 
s1 = yxyx. In the first case sxA’E X *. Hence only the latter case will occur and As 
will have the overlap xyxyx. Cl 
Proposition 3.10. Let s E S(t) be of even-length. Then s = CC (s’), where s’ E S(t). 
Proof. of IsI ~4 one easily verifies the resuit. Let us then suppose IsI a6 and set 
X = {ab, ba}. First of all we shall prove that s E X*. 
In fact without loss of generality suppose that the last letter of s is a (a similar 
argument can be used in the case when the last letter of s is b). One can then write 
s = s’a. Since s is a special factor s’aa E F(t), so that there exist a positive integer 
k and A, A’ E A* such that 
As’aaA’=&(a) E X*. 
Hence IAI is even (because aa L X) and A, s E X*. Hence one can write 
s =lu(s,), with s1 E A*; 
moreover, since p is an isomorphism of A* and X*, s, = p-*(s) E F(t) because 
p-*(t) = t. 
We shall prove now that sl E S(t). Since s is special, one hrFs sa, sb E F(t). 
Certainly ma, sbb are not factors of t; in fact, otherwise, if for instance ma E F(t) 
then there would exist A, A’ E /ia such that 
AsaaA’=pk(a) tz X* 
for a suitable k 3 1. By Lemma 3.9, ]A 1 has to be even so that one would have 
ASEX* and aah’c X* 
but this is impossible. Hence one derives 
sab, sba E F(t) 
sab = (s,b) and s,a, slk F(t). 
This implies s1 E S(r). Cl 
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We shall see now that for any odd n a 5, the special factors of length n are all 
and only the suffixes of length n of the special factors of length n + 1. 
Prop&ion 3.11. Let n be an odd integer 2 5. A factor oft of length n is special if 
and only if it is a sz&x of length n of a special factor of length n + 1. Moreover ail 
these sujeExes of length n are distinct. 
Proof. Let u be now a special factor of odd-length n a 5. We can write u = av (or 
u = bv) with v special factor of even length. Then there exist h, A’E A* such that 
Aava and A’avb 
are prefixes of the Thue-Morse word. By Lemma 3.9, Ihal, 1 A ‘al are even, so that 
Aa,A’aEX*. 
Therefore both A and A’ must terminate with b. fiat is 
Aa=A,bq A’a=Azba, A:,A+A*. 
Albava, A2bavb 
are factors of the Thue-Morse word, so that bav = bu is a special factor of length 
n+l. 
Finally we shall show that the suffixes of length n of any two special factors of 
length n + 1 are distinct. Suppose by contradiction that au, bu are special factors 
of length n + 1. Since n + 1 is even, au and bu E X*, so that u should begin with b, 
as au E X*, but at the same time it should begin with a, as bu E X*. 0 
4. Counting the special factors and the factors of the Thue-Morse sequence 
In this section by using Propositions 3.10 and 3.11, we derive a recursive formula 
which will allow us to count for each length n the special factors and then the 
factors of length n of the Thue-Morse sequence. Moreover we shall also present a 
procedure to construct for any length n the special factors of length n. 
Let us denote by p the function 9 : N-, N defined for each n E N, as 
p(n) =Card(S(t)nA”). 
In other words for each n 3 0, p(n) gives the number of special factors of t of 
length n. 
One has Q(O) = 1, ~(1) =2, (p(3) =4. Moreover 
Q(n) = 
Q(n/2) if n is even 
p((n+1)/2) ifpz isoddand n>3. 
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Proof. suppo sethat UT is a special factor of even length n. If n = 0 then tt~ empty 
word is a special factor and Q (0) = 1. Let r! 3 2. By Proposition 3.10, u = 6~ (v) where 
v is a special factor af length n/2. Moreover the image by )~t of any special factor 
of length n/2 is a special factor of length n. Hence, since p is injective, Q(n) = 9( n/2). 
Moav let n bs odds The special factors of length 1 are a and b, while the special 
factors of length 3 are aba, bab, aab, bba. Thus 
Q(l)=2 and Q(3)=4. 
From Proposition 3.11 for any odd integer n > 3, the special factors of length n are 
the suffixes of length n of the special factors of length n + 1. 
Therefore we have that, if n is odd and n 2 5 
Q(n) = Qb+ 1). 
Since n + I is even it follows, from what we have already proved, that 
Q(n)=Q(n+l)=Q((n+1)/2)). q 
Corollary 4.2. For any length n > 0 the number of special factors oft is 2 or 4. 
Proof. We have ~(1) = ~(2) = 2 and ~(3) = 4. Let us take n > 3. By induction suppose 
that we have already proved the assumption for m < n. By the latter proposition 
Q(n)=Q(n/2)ifniseven,andQ(n)=Q((n+1)/2))ifnisodd.ThisimpliesQ(n)=2 
or qp(n)=4. Cl 
We give now a formula which allows us to actually calculate Q(n) for each n > 1. 
For any real number x 2 0, [x] will denote the greatest integer !C+S than or equal 
to x. 
Lemma 4,s. For any n 3 2 one has 
Q(n)= 4 ifn s3 . 2[10&("-1)l--1 
2 ifn>3 . 2[io&(n-1)1-1_ 
Proof. For n = 2,3,4 the above formula for Q(n) is immediately verified. 
Let us then suppose n > 4 and k is a positive integer such that n E [2& + I, 2k+‘]. 
We prove by induction on k that 
Q(n) = 
I 
4 if nE[2k+1,2k+2k+J 
2 if nE[2k+2k-1+1,2k+‘]. 
IIf k =2 the result is trivially verified. Let us then suppose k> 2 and n E 
[2k + 1,2& + 29. 
If n is even, then 
n/2 E [2k-’ + 1,2&-l + 2”-2]; 
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by the induction hypothesis &z/2) = 4 so that from Theorem 4.1 it follows that 
cp(n)=4. 
If n is odd, then n + 1 is even and (n + 1)/2~ [2k-’ + 1, 2k-‘+2k-2]; hence from 
Theorem 4.1 and the induction hypothesis it follows that p(n) = p( (n + 1)/2) = 4. 
By a similar argument one derives that for n E [2k -k2k-* + 1, 2k+‘], p(n) = 2. 
To conclude the proof of the lemma it is sufficient o observe that k = [log2( n - l)], 
and that 
$2 E[2k+ I, 2k+2k-7 @ n s3 . p32(n-1)J--1 
n E [2k + 2k-’ + 1,2k+‘] e n > 3 .2[‘%(“-‘)I-‘. l-J 
Let us now consider the map F: N+ N which is defined, for any n E N, as 
F(n) = Card( F( t) n A”). 




Since F( 1) = 2 one has 
(4.1) 
F(n+1)=2+ c Q(S). (4.2) 
s=l,...,n 
oreover, for any s 2 1, 2 s Q(S) S 4; therefore, 
2+2n%F(n+1)<2+4n. 
The function F(n) is then linearly increasing. By eqs. (4.1) or (4.2) and Lemma 4.3 
we can obtain a formula that allows us to compute F(n) for each n > 1. 
F(n+l)= ( 
4n _ 2C'"&(n)l if n < 3 . 2[‘“&(“)l-‘, 
zn + 2CbJ*)l+l if n > 3 . 2C’“B*(n)1-‘. 
For pa = 2,3,4 the verification is immediate. 
For n > 4 we proceed inductively by using the formula 
F(n+l)=6=(n)i-p(n). 
Let k be such that n E [2k + 1, 2k+‘]. If [log2( n)] Z: [log2(n - l)], then n = 2k+’ and 
since k 2 2, one has n - 1 > 3 l 2C’og@‘-“1-1. By Lemma 4.3 and the induction 
hypothesis it follows that 
F(n+1)=F(n)+~(n)=2(n-1)+2[‘og~‘“-’~1+1+2=2(n-?)+n+2 
= 4n - n = 4n _ 210&(n) = 4n _ 2[‘“&(n)l, 
having M < 3 . 2[%(n)l-*_ 
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Let us then assume [log&‘)] = [10g2( n - I)] and make first the hypothesis that 
p1 s 3 . 2Cfo&(n)l-1_ Since n _ 1 < 3 . 21’“&(“-1)l-1 one derives from Lemma 4.3 and the 
induction hypothesis 
Let us now suppose n > 3 l 2C’og2(“)1? If n - 1> 3 l 2t’og2qn-l)1-‘, tlen by Lemma 4.3 
and the induction hypothesis one derives in a similar way that F(n + 1) = 
2* + 2c’O&(n’1+’ 
It remains to consider the case when n > 3 l 2c’og2’nJ1-’ and n - 1 = 3 . 2C’og2(n-‘)1-‘. 
In this case one derives 
= zn + p%2(n)l+l 
. 
0 
We can now give a better estimate of an upper and lower bound for F 
Corollary 4.5. For any n 2 2 one has 
3n G F(n + 1) s lOn/3. 
Proof. Suppose first that n s 3 l 2c’og2(n)1? Gne has from the preceding proposition 
that 
F( n + 1) = 4n - 2C’“gdn)la 
Since 2c’og2(“)3~2n/3 one derives that F(n + 1) < 4n -2n J3 = 10n J3. 
as [log*(n)] =G log2( n), it follows that 2 [‘os2(“)1 G n and therefore F(n + 1) a 3n. Let 
us now suppose n > 3 l 2C’og2(n’1-1. In this case 
F( ,d+ 1) = 2n + 21’Qz2(“)1+1. 
Since log*(n) s [log2( n)] + 1, one has n G 2[‘og2(“)1+’ and then F( n + 1) 3 3n. 
Moreover as n > (3 J2)2C’og2(n)1 one obtains 2C’og2(n)1+’ c 4r?/3 and F( n + 1) C 
10nJ3. U 
We shall now give a simple algorithm which ill allow us to construct for any 
n 3 I, the special factors of length n. We have al ady seen (cf. Lemma 3-g) that if 
u is a left factor of the Thue-Morse word then a? and (g) are special factors. 
for each n 3 i we can find two special factors of len h n. ‘lkrefore if cp( n ) = 2 we 
have found a!! O? them. If. on the contrary, q(n) = ust give a procedure fo 
find the other two s ecial factors. This is ‘L,J at we are going to 
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Lemma4.6. Letk~Oanduv6ethepre~oftsuchth~t(u(=(v(=3~2~.Then~,(~),v,~ 
are distinct special factors. 
Proof. If k = 0, then ri = bbo, (5) = aab, v = aba, 6 = bab and the statement is true. 
Let k> 0. mere exist ut and ul such that ulvp is a prefix of 6 Itall = lvJ= 3 0 IL“-’ 
and JL( ul) = u, F( vl) = v. By the induction hypothesis i& , (cl), v, , iJ are distinct 
special factors. Then by Lemma 3.6 and Property 3.1, 
(3) =cc(u’A u” = P(G)), v =p(v,), 6=/k(&) 
are special factors. Moreover they are distinct because p is injective. Cl 
Let us observe now that if s E [2k + 1,2& +2k-‘] the suffixes of length s of the four 
special factors of length 3 l 2k-’ are all distinct. If k = 2, it is easily verified. Suppose 
then that k > 2, .: E [2k + 1, 2k +2k-‘] and denote by ol, v2, o3 and v4 the suffixes of 
length s of the four special factors having length 3 l 2? If s is even one has, by 
Proposition 3.10, that vi = p( Ui) (i = 1, . . . ,4), where ul, z-42, u3 and ~4, by the 
induction hypothesis, are distinct sulIixes of the special factors of length 3 l 2k-2. 
Since y is injective also the Vi words (i = 1, . . . , 4) are all distinct. If s is odd then 
z+, v2, c3 and v4 are also in this case distinct because they are suffixes of length s 
of distinct suffixes of length s + 1 of the special factors of length 3 l 2k (cf. Proposition 
3.11). 
Corollary 4.7. Let s E [2k + 1, 2k + 2”-‘1 and u and v be such as in the previous lemma. 
Let moreover us be the prejcx of length s of u and vl the sufix of length s of v. Then 
u’, , $,), v1 and 6, are distinct special factors. 
Proof. It is an immediate consequence of Lemma 4.6, if one observes that fil , (i&), 
z+, 8, are respectively the suffixes of length s of t?, (g), v and 6. 0 
5. Special factors having a common prefix 
In this section we consider some combinatorial properties of special factors of 2 
having a common prefix u. We consider first the ,-roblem of counting for any k > 1 
the number of special factors having the prefix u whose lengths lie in the interval 
(Iut(k - 0, blkl o f d’ imension lul. Proposition 5.1 will show that in any such interval 
the number of special factors is at most 4. 
o&ion §.I, Let u E F(t), 1 ul = n 3 1. For any k > 1 set Stk’ = { w E A+ I uw E SW 
and n(ic - 1) < luwl G nk}. men Card(Stk’) s 4. 
Let k be a fixed positive integer and suppose by contradiction that t 
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Fig. 1. 
(i=l,..., S)thesuffixoflengthn(k-l)+l ofuw,.Foreach i(i=l,...,S), viis 
a special factor and, since there exist at most four special factors of length n( k - 1) + 
1, it follows that vP =v~, for somep#q, with ldp,q<5. 
We shall distinguish two cases: 
(a) 1 wpl = 1 w,l: the condition v,, = v4 implies then w,, = w4, which is a contradiction. 
(b) Iw,l < IwJ: let u’ be such that u’K+, = vP. The word u’ is at the same time a 
suffix of u and a prefix of vP. Since I wpl < I w,l and vP = v4, with 1 v4 I= 
(k - 1)n + 1, it follows that there are in uw4 two overlapping occurrences of 
u’ (see Fig. 1). But this is again a contradiction. Cl 
From the above proposition one derives, as we shall see in the next corollary, 
that there exists a simple upper bound given by 4k +2 ic the number of ways of 
completing on the right a factor u of t in factors of length klul. 
Corollary 5.2. Let u E F(s), lul = n, let k be a jixed positive integer and T = 
{w E A+ I uw E F(t) and I WI = kn}. Qne has then Card(T) s 4k + 2. 
Proof. Set kn = p and denote for each i, (i = 1,. . . , p), by z the set of the prefixes 
of length n + i of the words of UT. Moreover we denote by Si, 1 G i s p, the set of 




Card(T) = Card( T,) = Card( T,) + C Card(&). 
i=l ,...,p-1 
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ow Gard( 7’,) G 2 (the value Card( 7’1) = 2 is reached if and only if u is a special 
factor). Let us now set S = {w E A+) uw E S(t) and \uwl s n(k+ 1)). One has S = 
U h=2,__.,k+l Sth) so that from the previous propositioa Card( S j < 4k SirIce 
C Card( Si) c Card(S), 
i=l ,....jPl 
one derives Card(T) s 4k + 2. Cl 
Corollary 5.3. Under the same hypotheses made in the previous corollary let m G kn 
and Q={wEA+iuweF(t) and lwl=m}. Thea Card(Q)g4k+2. 
Proof. The elements of Q are prefixes of length m of the elements of the set T; hence 
Card(Q) s Card( T) s 4k + 2. El 
The next Proposition 5.5 shows, as one should expect from Proposition 5.1, that 
two special factors of different lengths having a common prefix have to be suitably 
distant. To the proof of Proposition 5.5 VW premise the following technical emma: 
Lemma 5.4. Let sl and s2 E S(t) and u be a common pre& of them of length 2 5. 
men the lengths IsI1 and Is21 have the same parity. 
Proof. Suppose that s1 = uvl, s2 = uv2, with lul 35, and that Is,1 is even and Is21 is 
odd. From Proposition 3.10 one has 
with xE 
with the 
Sl = w ‘CrW, ~2=u~2=wkl~, (5.1) 
A. From the definition of the morphism JL and by the fact that u begins 
letter x, we can write fi = xf2 so that 
St = uu1= xyru(f2Jr (5.2) 
where y E A\(x). Since u begins with xy, then, from eq. (5. 1)2, one must have g, = xg, 
and then 
s2 = uv:! = xyxp (g2). (5.3) 
Using this it follows from eq. (5.2) that f2 = xf3 and then 
St = uv1= xyxyp( f3). 
Since IuI 2 5, u begins with xyxy so that from eq. (5.3) one must kave g2 = yg3 
and s2 = uv2 = xyxyxl~ ( g3 j. us u has an overlap that is a contradiction. Cl 
Some cnmbinworial properties qf the ‘he-Morse xquebxe 345 
Proposition 5.5. Let Uvl, uv2 E S(t), u E *, lv,l$ /v21. One then has Ifuvll-lusll= 
Il~~l4uzll44/~* 
Proof. In the case 6~ lul s 5 the result is trivial. Let us then suppose lul> S. We 
can always suppose without loss of generality that u is the greatest prefix of tivl 
and uv2 and that 1 vll < 1 v21. From the preceding lemma one has that luv, I and luv21 
have the same parity. Hence one has tcr consider two 
Case 1: The lengths l~.+l and luv21 are even. Since tcul and 44~~ are special factors 
then one has (cf. Proposition 3.10) that uvi and uv2 E X”, where X = { ab, ba}. 
Moreover 1~1 iseven. In fact, otherwise, one could write u = U’X, x E A and ki even. 
From this it would follow that the first letter of vl , as well as the first letter of v2, 
is YE A\(x). But this would imn!y that uvl and uv2 should have a common prefix 
given by uy and this contradicts the fact that G is the greatest common prefix of 
uvl and 2av2. Since iuvll and luv21 are even from Proposition 3.10 one can write 
w = YulL uv2 = cc U2A 
with&,& s(t). Moreover since 1~1, Iv11 and I<- 1 ps62 are even& andf2 can bc factorized 
as 
f (1) (1) f (1) (1) 1 =u 211, 2 =u‘ 02 ) 
having 
U =&P), 01 =P(u’l”), v2 =&Y’). 
Setting m = lul, m(l) = jd’)(, rnj” = Ivi”l, mi = IviI (i = 1,2), one has 
(~2+~v~~)/~u~=(m,-m,j/m=(m:“-m~“)/m”’, 
where m(*) = m/2. 
Case 2: The lengths luv,l and ltsv21 are odd. We can write 
w = xu’v, ) uv2 = xu’v2, 
where x is the first letter of u. Now u’v, and u’v2 are special factors of even-length 
and by the hypothesis made on U, u’ is the greatest common prefix of u’v, and 24%~~; 
moreover lu’la 5. Hence for what we have seen in the Case 1, we can write 
U’V, = fi( ZPV~“)), 24’25 = 44 Ed%:l)), 
having u’=&.&‘)), v, =&v\“), v2=y(v:“). 0ne has then: 
!Iuzl- lull>hl = <I4 - lv1lMl+ 14) 
= 2( jv:“\- \v’1”1,/( 1+ 2ju”‘(). 
By using the same notation as in the Case 1, we have 
(m2- m,)/m =2(my’ -m(,“)/(1+2m(*‘), with m”j=(m-1)/2. 
Thus in any case we can write 
h2- m,)/m =2(m:“- m(,‘+/(kl +2td*‘), (5.4) 
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where k, = 0 if the LWO special factors uol and uv2 have even lengths and kt = 1 if 
they have odd lengths. 
Since u%\” and tl%$‘) are special factors having a greatest common prefix 
given by 14~~’ one can iterate the previous argument. n the next iterations one has 
m(c) = %+1 +2&+‘), m:‘” = 2&+‘), &’ = 2&+‘), r> 0, (5 5) . 
where for each r, III(‘) = l&)1, on{” = 1$‘1 (i = 1,2) and Ic,+~ = 0 if u%$) and r&y) 
have even lengths, k,,, = 1 if they have odd lengths. Thus iterating eq, (5.4) by using 
(5.5) one derives 
( m2 - m,)lm = (m$+ - m(l”‘)j(m(“)-+ &), n 3 1, 
where & = cc=, V-9 n k2’-‘-“, n 2 1. Since S, ~ C i= I,._.,” 2-’ < 1, one has 
( m2-m,)fm>(m~)- m\“))/(m(“‘+ 1) a I/(m'"'+ 1). 
One can then continue the iteration unti! m (“I c 6. In such a case (m, - m,)/ m > 
116 and the result is proved. a 
6, The TW+Mr~rse monoid 
The Thue-Morse monoid is defined as the Rees quotient of A* by the ideal of 
all the words of A* which are not factors of t. One easily verifies that, up to an 
isomorphism, the Thue-Morse monoid can be identified with the set 1M = F(t) u (!I), 
endowed of a product operation defined, for all ml, m2 E M, as 
4 0 In,= 
m1m2 if rz,rn2E F(t), 
0 otherwise. 
The monoid M is obviously finitely generated. Moreover M is periodic since t 
is cube-free so that, for any m E M one has m3 - 0. M is infinite since F(t) is infinite. 
The monoid M gives an answer to an interesting problem in semigroups. However 
in order to state the problem we need to give some preliminary definiticns and results. 
Let S be a se&group and n an integer > 1. S is called n-permutable if for any 
sequence sl, s2,. . . , s, of n elements of S there exists a permutation W E S* (& is 
the symmetric group on the set { 1, . . . 5 n)) different from the identity, such that 
S is called permutabk if there exists an integer n > 1 such that S is n-permutable. 
This permutation property of semigrouys is of great interest since it has been shown 
by A. Restivo and C. Reutenauer [9] that qnite!y generated and perrodic semigroup 
is jinite if and only if it is permutable. 
A more general permutation property may be given by the following definition. 
A semigroup S is n-weakly permutable (n > 1) if for any sl, s2,. . . , s,, E S there exist 
U, TE S,, with w f 7, such that 
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S is called vc(eakly permutable if there exists an n > 1 such that S is n-weakly 
permutable. 
It has been recently shown by R. D. Blyth [3] that in the case of groups the wea 
permutation property is equivalent to the permutation property. However in the 
case of semigroups this equivalence in general does not hold even tho 
the hypothesis that the semigroup is finitely ger.erated [&I. 
A problem that naturally arises is whether there can exist finitely generated and 
periodic semigroups which are infinite and weakly permutable. The T%ue-b4orse 
monoid gives a positive answer to this problem as shown by the following theorem. 
Theorem 6.1. The 7hue- Morse monoid is we&ly permutable. 
Proof. Let k be a positive integer such that k ! > 4k t 3 (the minimal integer satisfying 
this condition is k: = 4). We shall prove that the monoid M is (k + I)-weakly 
permutable. In fact let wo, wl, . . . , wk be k i- 1 elements of M. We can suppose that 
wi E F(r) for any i, 0 G i s k, otherwise the weak permutation property would be 
trivial. 
Moreover we can suppose, unless changing their order, that 
lWOl3lWil for any Wisk. 
Let us then consider the set V = { w,,(,)w,(~) a. . walk) E A* 1 u E Sk}. If Card( V) c 
k!, then there exist two permutations cp, 7~ Sk* o # 7, such that 
wd1jWo(2j l l l W,(k)= Wr(l)Wr(Zj l l l we- 
In such a case the weak permutation property is verified. Let us then suppose that 
Card(V)=k! and set m=lw,(+=* l +lwkl, P={wEA*[w~wEF(~) and iwl=m}. 




there exist in V at least two elements which are not in P; namely there exist a, 7 E SK, 
a # T, such that 
w()w,(l)w,(z) l l l W-(k), wow~(I)wT(z) l l l wm) Ei ti( 6). 
This implies that these two products in M vanish. Thus the weak permutation 
property is verified. LJ 
In conclusion we remark that a first example of a monoid giving a positive answer 
to the previous problem in semigroups has been given recently by Restivo [l l] who 
has taken into account the Fibonacci monoid. 
348 A. de Lucu, S. Varricchio 
A further interesting and surprising example is the following: Let m be the 
square-free Thue-Morse sequence in a three-letter alphabet A and consider the 
&es quotient N of A* by the ideal of all the words of A* which are not factors 
Now N is Ctely generated and periodic since for any n E N, n2 = 0. Moreover 
N is weakly permutable. The proof is similar to that given for the Thue-Morse 
monoid and is essentially based on the fact that if e(n) is the number of special 
factors of m of length n then for n > 1 one has e(n) s 4. (A factor f of m is special 
if there exist two distinct letters X, y E A such that fx and fy are factors of m). 
The proof of this property given in 143 requires a deep and laborious analysis of 
the combinatorics ofspecial factors of m that will be presented in a subsequent paper. 
Note added in proof. After submission of the paper the authors have been informed 
that an enumeration formula for the factors of the Thue-Morse word has indepen- 
dently been obtained by S. Brlek, Enumeration of factors in the Thue-Morse word, 
in: Proc. Coil. MontrGalais SW la Combinatoire et l’lnfomatique (to appear). 
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